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The ball size is one of the critical factors for determining themill per-
formance of ball mills. It is well known that larger balls are needed for
the effective breakage of large-size particles, whereas smaller balls are
more effective for the breakage of ﬁne particles. Therefore, it is a com-
mon practice in industry to use a mixture of balls rather than balls of
a single-size to ensure the efﬁcient grinding of materials of various
sizes in themill. Various formulae have been proposed for the selection
of the ball size [1,2]. However, as a group, they are not entirely satisfac-
tory because the optimummixture of balls depends on the feed size as
well as the product size. Further, the ball size distribution in the mill is
not a simple parameter that can be controlled directly, as it depends
on the make-up ball charge and wear rate. Therefore, the industrial
practice of determining the make-up ball sizes comes down to experi-
ence. However, there is a great deal of information that describes the
variation of the grinding kinetics with the ball size and the ball wear ki-
netics. It is possible then to incorporate this information into a grinding
model and investigate the effect of the make-up ball size on the mill
performance with various feed and product speciﬁcations.
Concha et al. [3] was the ﬁrst to combine a grinding circuit model
with a ball wear model to optimize the make-up ball charge. With an
optimization algorithm, the optimum make-up was calculated to82 2 871 8938.
.V. Open access under CC BY-NC-ND liperform a given task. However, their work was based on one set of
milling conditions, one set of a feed size distribution and breakage
characteristics, and one mill diameter. All of these variables are
potentially signiﬁcant factors inﬂuencing the optimum choice of
make-up balls. In this study, a more comprehensive investigation
was conducted to delineate the effect of variables, speciﬁcally the
breakage parameters, the feed size, the product size, and the mill di-
ameter, via a grinding circuit simulation combined with a ball wear
model.
2. Theory
2.1. Kinetic grinding model
A fundamental understanding of the breakage process was devel-
oped using the size–mass balance or population balance approach
analogous to the chemical reactor design for ﬁrst-order reactions.
This approach is based on experimental batch grinding results
which typically demonstrate that the rate of the breakage of a mate-
rial of a size within a
ﬃﬃﬃ
2
p
sieve interval follows a ﬁrst-order breakage
law. Symbolically, this is expressed as
dwi tð Þ
dt
¼−Siwi tð Þ ð1Þ
where Si is the speciﬁc rate of the breakage of size i, and wi(t) is the
mass reaction of size i at time t. Therefore, S is the equivalent of a
ﬁrst-order chemical rate constant.
Fig. 1 shows the typical variation of the S values with particle size
xi for a given ball diameter. It can be seen that the S values increasecense.
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Fig. 1. Variation of the speciﬁc rates of breakage with particle sizes.
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Fig. 2. Cumulative breakage distribution and its characteristic parameters.
626 H. Cho et al. / Powder Technology 246 (2013) 625–634with size, but reach a maximum and then decrease as the particles
become too large to be broken efﬁciently by the grinding media.
This relationship can be ﬁtted empirically to an equation which con-
sists of two functions [4]:
Si ¼ A
xi
xo
 α 1
1þ xμ
 Λ : ð2Þ
The ﬁrst part of the equation is a power function which gives a
straight line on a log–log scale. α is the slope of the curve in the small-
er region and A is the S value for the standard size, xo. The second part
of the equation is a log-logistic function representing deviation from
the straight line relationship. It has a value of 1 for smaller sizes and
approaches 0 as the size becomes very large. μ is the particle size at
which the value is 0.5 and Λ is a positive number which is an index
of how rapidly the S values fall as the particle size increases.
The breakage of a uniformly sized particle results in the production of
an entire set of smaller product sizes, thus requiring a description for this
distribution of sizes. Themean set of sizes produced by primary breakage
before re-fracture occurs is termed the primary breakage distribution, bij,
deﬁned as the weight fraction of broken products from size interval j
which appears in size interval i. The breakage distribution is often used
in the cumulative form, Bij =∑ k = ni bkjwhich is the cumulativeweight
fraction of material broken from size interval j which appears less than
the upper size of size interval i.
The values of the primary breakage distribution are often found to
be insensitive to the milling conditions such as the media and powder
loading. For somematerials, the curves of Bij fall on top of one another
for all values of jwhen Bij is plotted versus the relative size xi/xj. This is
termed the ‘normalized’ Bij, and it means that all of the particles break
into a fragment distribution with dimensional similarity; that is, the
weight fraction of the product less than, for example, half of the
breakage size is constant for all breaking sizes.
Austin and Luckie [5] describe a mathematical technique for char-
acterizing the typical breakage distribution, as shown in Fig. 2. The
values of Bij are ﬁtted by an empirical function made up of the sum
of two power functions [4]:
Bij ¼∅
xi−1
xj
 !γ
þ 1−∅ð Þ xi−1
xj
 !β
: ð3Þ
Here, γ is the slope of the small size end of the distribution, ∅ is
the extrapolated intercept of this end, and β is the slope of the
upper part of the curve, as depicted in Fig. 2. These parameters de-
pend on the characteristics of the material being ground, but are
often found to be independent of the milling conditions.2.2. Grinding circuit simulation
The size reduction process can be described by a general size–mass
balance equation through the transfer function, dij, as follows [4]:
pi ¼
Xi
j¼1
dijf j i b j b 1: ð4Þ
In this equation, dij is the weight fraction of the feed of size j trans-
ferred by breakage to product of size i, pi is the weight fraction of the
product of size i and fj is the weight fraction of the feed of size j. For
continuous milling, residence time distribution models can be incor-
porated into the dij values, taking the following form [4]:
dij ¼
ej; i ¼ jXi−1
k¼j
cijcjk ek−ej
 
; i N j
8><
>: ð5Þ
cij ¼
−
Xi−1
k¼i
cijcjk; i b j
1; i ¼ j
1
Si−Sj
Xi−1
k¼j
Skbikckj; i N j
8>>><
>>>:
ð5aÞ
ej¼∫
∞
0 e
−Sjtψ tð Þdt: ð5bÞ
Here, ψ(t) is the residence time distribution function. It is conve-
nient to represent the RTD in a functional form. Various forms have
been used to describe the RTD of grinding mills. This includes the sin-
gle fully mixed, the m equal fully mixed model and the axial mixing
model [4]. Among these models, the one-large/two-small fully
mixed reactor-in-series model was found to ﬁt all the data reasonably
well [6]. This model gives
ej ¼
1
1þ Sjτ1
 
1þ Sjτ2
 2 ð6Þ
where τ1 is the mean residence of the ﬁrst reactor, and τ2 is the mean
residence time of the second and third reactor having an equal size.
This equation allows the calculation of the product size distribu-
tion from a mill once dij is determined. The calculation of dij includes
the aforementioned S and B functions, which can be determined in
a laboratory batch mill. However, these parameters are sensitive
to milling conditions such as the mill rotational speed, ball ﬁlling,
627H. Cho et al. / Powder Technology 246 (2013) 625–634powder ﬁlling, mill diameter, and ball diameter. Therefore, they must
be appropriately corrected in order to be used for large-scale industri-
al mills operating under different conditions. Extensive work has
been done to investigate the effect of these variables and a set of
scale-up criteria has been developed for scaling the parameters of
the model to predict the full-scale ball-mill performance [4]. Here,
the methodology for incorporating the ball size effect will be
discussed more in detail because it is the main focus of this study.
Fig. 3 shows the typical variation of the S values with particle size
xi for different ball diameters. For the same amount of ball charge, the
number of balls in the mill decreases as the ball size increases. Thus,
the S values are lower for larger balls. However, larger balls are capa-
ble of breaking large particles; therefore, the size at which the S value
becomes maximum, xm, increases as the ball size becomes larger. The
variation of the breakage rate with the ball size d is related to two
parameters of the S function, as follows:
μ ∝ dN1 ð7Þ
A∝ 1
dN2
: ð8Þ
The values of N1 and N2 are not accurately known. However, ex-
perimental data suggest that N2 is close to 1, whereas N1 is between
1.0 and 2.0 depending on the material.
Austin et al. [4] combined these relationships with other empirical
equations into the following equation to predict how the S values
change with the ball diameter (d), mill diameter (D), ball loading
(J), powder loading (U), and rotational speed (ϕc):
Si ¼ AT
xi
xo
 α 1
1þ xiC1μT
 Λ C2C3C4C5 ð9Þ
C1 ¼
D
DT
 N0 d
dT
 N1
ð9aÞ
C2 ¼
dT
d
 N2
ð9bÞ
C3 ¼
D
DT
 N3
ð9cÞ
C4 ¼
1þ 6:6J2:3T
1þ 6:6J2:3
 !
exp−c U−UTð Þ½ ð9dÞParticle Size, mm
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Fig. 3. Variation of S values with ball diameter.C5 ¼
ϕc−0:1
ϕcT−0:1
 
1þ exp 15:7 ϕcT−0:94ð Þ½ 
1þ exp 15:7 ϕc−0:94ð Þ½ 
 
: ð9eÞ
In these equations, the subscript T refers to the test mill conditions
in which the S values are obtained. The typical values for the expo-
nents are N0 = 0.2, and N3 = 0.5. c is the wet/dry coefﬁcient; these
values are 1.2 for dry grinding and 1.32 for wet grinding. These equa-
tions are directly applicable to single-ball-size balls. When a mixture
of different sizes of balls is used, the overall effect of various size
media in the mill is taken as the linear weighted sum [4]. That
is, for an nb set of media size classes, the average value is a linear
weighted sum
Si ¼
Xnb
k¼1
mkSi;k ð10Þ
where mk is the weight fraction of the media of size k, and Si,k is the
speciﬁc rate of breakage of size imaterial by size kmedia. These equa-
tions can be applied for a known mixture of balls in the mill.
In a system where make-up balls are added to a mill to compen-
sate for ball wear, the ball sizes have a continuous size distribution
in the mill due to the wear of balls that have been added at different
times. Thus, it is not possible to know directly the ball size composi-
tion in the mill. However, it can be calculated using a population bal-
ance approach. Austin and Klimpel [7] derived such an equation for
predicting the equilibrium ball size distribution assuming a linear
wear law. For a single size of make-up ball, the mass fractions in the
mill within the size ranges are calculated from:
mk ¼
d4−Δku −d
4−Δ
kl
d4−Δmax −d4−Δmin
ð11Þ
where dku and dkl represent the upper and lower boundaries of the
ball size interval k, dmax is the largest ball size in the mill, and dmin is
the smallest ball size in the mill which is still retained. Δ is a constant,
which relates to wear laws. For each ball size class, Si,k values are cal-
culated using Eq. (9), and then, Si values are obtained from the mass
fraction of different ball size classes calculated from Eq. (11), as
shown in Eq. (10).
If the make-up is a mixture of several ball sizes, Eq. (10) is applied
as many times as the number of ball size classes from Eq. (11) for
each make-up ball size class. The overall S values for all make-up
ball size classes are given by the weighted sum
Si ¼ m1Si 1ð Þ þm2Si 2ð Þ þ ⋯ ð12Þ
here, m1⁎ is the mass fraction of balls present in the mill that derived
from make-up balls of diameter d1 under the equilibrium condition,
m2⁎ is that derived from make-up balls of diameter d2, and so on.
Si 1ð Þ is the overall rate of breakage of the make-up ball size class 1,
and Si 2ð Þ is that of the second make-up ball size class. m* values are
different from the size proportion of the make-up balls added in the
mill, as smaller balls have a shorter life time in the mill than larger
balls.
Let nk be the number rate of addition of the make-up balls of size k.
These balls stay in the mill for some time tk until the size is reduced to
dmin. The total mass of the balls present in the mill that orginate from
the make-up balls of size k is given by integration
Mk ¼ nk∫tk0
π
6
ρb d tð Þð Þ3dt ð13Þ
where d(t) is the diameter of balls that stayed in the mill for time t. If
the mass wear rate of the ball is proportional to the surface area
628 H. Cho et al. / Powder Technology 246 (2013) 625–634(Δ = 0), it can be shown to be [7]
d tð Þ ¼ dk−κt ð14Þ
where κ is a wear rate constant. Inserting this relationship into
Eq. (13) gives
Mk ¼
π
24κ
ρbnk d
4
k−d
4
min
 
: ð15Þ
The relation between mass fraction of balls of diameter dk in the
make-up mk0 and number rate of addition of the make-up balls nk is
nk ¼ MT
m0k
π
6 ρbd
3
k
: ð16Þ
Here, MT is the total mass rate of addition of the make-up balls of
all sizes. Eq. (15) becomes
Mk ¼
MT
4κ
m0kdk 1−
dmin
dk
 4 
: ð17Þ
Thus, the values of mi⁎ are obtained from the following equation:
mi ¼
m0i di 1− dmin=dið Þ4
h i
∑km
0
kdk 1− dmin=dkð Þ4
h i : ð18Þ
For a simulation of an industrial grinding circuit, additional mass
balance equations are needed because the product of a mill is often
sent to a classiﬁer. By using size selectivity numbers to describe the
classiﬁer performance, Austin et al. [4] derived a mathematical
model for a continuous grinding mill with post-classiﬁer as shown
in Fig. 4. In a steady state, the mill feed, fi is related to the circuit
feed gi (the make-up feed) as follows:
f i 1þ Cð Þ ¼ sipi 1þ Cð Þ þ gi: ð19Þ
Here, si is the fraction of the size imaterial into the classiﬁer which
is sent to be recycled. C is the circulation ratio of the classiﬁer, deﬁned
as the ratio of the classiﬁer recycle rate to the classiﬁer product rate.
For a given circuit make-up size distribution, gi, the value of C and
the mill feed size distribution, fi are not known and appear as results
of the simulation. In order to circumvent this, both sides of the mill
model (Eq. (4)) are multiplied by (1 + C); letting pi(1 + C) = pi⁎
and eliminating the unknown fi using fi(1 + C) give the following
equation:
pi ¼
diigi þ∑i−1j¼1 dij sjpj þ gi
 
1−diisi
: ð20ÞBall Mill 
Mill Feed Circuit Feed
Recycle
gi fi
Fig. 4. Single mill circuitThe computations are conducted in sequential steps, starting
with i = 1. Other stream size distributions are calculated from the
meta-product pi⁎ values using
1þ C ¼
Xn
j¼1
pj ð21Þ
pi ¼ pi = 1þ Cð Þ ð22Þ
qi ¼ 1−sið Þpi 1þ Cð Þ: ð23Þ
In these calculations, it is convenient to describe the classiﬁcation
behavior in mathematical terms. There are many empirical equations
suggested for the classiﬁer partition curve. The following form of the
three-parameter logistic equation is used because it includes bypassing
and is simple to use:
si ¼ 1−að Þci þ a ð24Þ
ci ¼
1
1þ xid50
 λ ð25Þ
here, a is the bypass, and d50 is the cut size. λ is related to the sharpness
of separation by
λ ¼−2:1982
ln SIð Þ ð26Þ
where SI is the Sharpness Index, which is deﬁned as xi when ci = 0.25
divided by xi when ci = 0.75.
3. Methodology
The grinding circuit model explained in the previous section al-
lows one to investigate the effects of a wide number of variables.
However, it is not a simple task to determine an optimum composi-
tion of make-up balls for maximum output because this depends on
many variables including the mill operating conditions, mill size,
feed characteristics, product speciﬁcations, and grinding circuit con-
ﬁgurations. As depicted in the previous section, the relationships
between these variables and the circuit output rates are very compli-
cated. Differential calculus methods are often used to ﬁnd the opti-
mum. However, this is not appropriate in this case because it is not
possible to formulate the differentials explicitly in terms of the
variables involved. Therefore, a factorial search was used in this
study. A full factorial experiment involves taking all possible combi-
nations of all factors with discrete possible values to study the effect
of each factor on the response variable, as well as the effects ofMill Product 
Circuit Product pi
qi
with post–classiﬁer.
629H. Cho et al. / Powder Technology 246 (2013) 625–634interactions between factors on the response variable. The response
variable is the mill production rate, which is affected by the following
factors:
♦ breakage function (Si)
♦ breakage distribution function (Bij)
♦ mean residence time
♦ mill circuitry
♦ classiﬁer performance
♦ size of mill
♦ ball size
♦ mill operating conditions
♦ feed size
♦ product size.
For each factor, numerous values can be taken. Thus, the num-
ber of combinations is so large that an evaluation of all of the fac-
tors is not feasible. Therefore, some factors (breakage distribution
function and mill operating conditions) were kept constant at typ-
ical values and the mill circuit was ﬁxed with the most common
circuit — the normal closed circuit as shown in Fig. 4, running at
a circulation ratio of 2.5. The residence time distribution of the
mill was assumed to follow the one large/two small fully mixed
model with relative sizes of 0.5, 0.25 and 0.25. The classiﬁer was
assumed to be a hydrocyclone with a Sharpness Index of 0.5. All
other factors that varied had ﬁve values, covering a broad range
of levels on which a typical ball mill circuit operates. They are
shown in Table 1.Table 1
Simulation conditions.
a) Breakage parameters
Fixed Varied
A xo λ ϕ γ β α μ
0.73 1.0 2.71 0.65 0.89 4.72 0.75–0.93 base
value: 0.93
1.0–3.4 base
values: 1.83
b) Scale-up parameters
Fixed Varied
N0 N2 N3 c N1
0.2 1.0 0.5 1.32 1.2–2.0 base value: 1.2
c) Feed and product size
Feed size distribution Product size
Size distribution function l0 k 90% passing
size, mm
Deﬁned as the
size reduction
ratio (F80/P80)
Rosin–Rammler distribution
P(x) = 1 − exp(−(x/lo)k)
2.04 1.0 4.7 16, 23, 32, 45, 64,
90, 1282.91 1.0 6.7
4.13 1.0 9.5
5.82 1.0 13.4
8.21 1.0 18.9
d) Milling conditions
Test mill Simulated mill
Mill diameter, D (m) 0.2 1.0, 2.0
Powder ﬁlling, U 0.5 1.0
Rotational speed, as a fraction
of the critical speed, ϕc
0.75 0.75
Ball ﬁlling, J 0.2 0.4
Ball diameter, d (mm) 25.4 Mixture of three different
size make-up balls (50.8 mm,
35.9 mm, 25.4 mm) — 66
different mixing ratios4. Results and discussion
4.1. Equilibrium ball size distribution
In Eq. (11), the value of Δ depends on the wear law. If the ball
wear rate is proportional to ball weight, Δ = 1. If it is proportional
to ball surface area, Δ = 0. Austin and Klimpel's analysis [5] of the ex-
perimental data showed inconsistencies in the data, but Δ = 0 is a
good approximation for ball milling. Fig. 5 shows the equilibrium
ball size distribution from various portions of three make-up ball
size classes: 50.8 mm, 35.9 mm and 25.4 mm. The minimum ball
size in the charge was taken as 12.7 mm in this example. For a
single size of make-up balls, the ball size distributions exhibit a
mono-modal size distribution with a mode close to the original
make-up ball sizes. A 1:1 mixture of two make-up ball sizes shows
the bimodality of the ball size distributions, consisting of two popula-
tions derived from large and small make-up balls. By the same rea-
soning, a tri-modal ball size distribution appears when the make-up
balls are a 1:1:1 mixture of three ball sizes.
4.2. Effect of the feed size on the optimum composition of the make-up
balls
While comparing the capacities of the circuit under different oper-
ating conditions, it is essential to evaluate them for the same product
size, for example an 80% passing size. For an open circuit, there is only
one feed rate which meets the product size speciﬁcation. In the case
of a closed circuit, there is another degree of freedom, the classiﬁer's
cut size, which can be altered to meet the second point in the product
size distribution. A low cut size gives a very high circulation ratio and
a steep size distribution. Consequently, there are only one paring of a
feed rate and a cut size which meet the product size and the circula-
tion ratio. Fig. 6 shows one set of results, where the circuit capacities
are shown in three-ball-size ternary diagrams for various feed sizes
with a circulation ratio of 2.5 at a size reduction ratio of 45:1
using a 1 m diameter ball mill. It can be seen that maximum con-
tour lines stay in the bottom of the diagrams for all cases, indicat-
ing that intermediate size balls (35.9 mm balls) do not play a
signiﬁcant role as far as the maximum capacity is concerned.
Therefore, it is preferable to use a mixture of two size balls (large
and small) rather than a mixture of three size balls. For the feed
size of 90% passing 18.9 mm (Fig. 6a), the maximum capacity was
obtained with 100% of a make-up ball size of 50.8 mm. As the
feed size is reduced to 13.4 mm, a 62:38 mix of 50.8 mm and
25.4 mm balls was found to be the optimum mix. As the feed size
is reduced further, less of the 50.8 mm balls and more of the
25.4 mm balls are required for the maximum capacity, attaining
100% of 25.4 mm balls for a feed size of 4.7 mm (Fig. 6d). The ca-
pacity difference between the best and the worst make-up ball
mixtures was as high as 150%.
4.3. Effect of the product ﬁneness on the optimum composition of the
make-up balls
Fig. 7 shows ternary diagrams for various product ﬁneness
levels, deﬁned as the size reduction ratio from grinding with a
feed size of 90% passing 9.5 mm. Again, it can be seen that the max-
imum contour lines stay at the bottom of the diagrams. This was
found to be true for all other factors investigated as well. With a
size reduction ratio of 16:1 (Fig. 7a), the maximum capacity was
obtained with a 50.8 mm/25.4 mm ball mix ratio of 90:10. As the
size reduction ratio increases, the optimum ball ratio moves to-
wards more small balls. At the ﬁnest grinding with a size reduction
ratio of 128:1 (Fig. 7d), a 50.8 mm/25.4 mm ball mix at a 13:87
ratio was found to be the optimum mix. This indicates that the
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Fig. 5. Equilibrium ball size distribution for various mixtures of the make-up balls.
630 H. Cho et al. / Powder Technology 246 (2013) 625–634ﬁner the product size, the higher the proportion of smaller balls
that is required.
Fig. 8 shows the optimum composition of the make-up ball sizes
for various feed sizes as a function of the size reduction ratio, R. Be-
cause mixtures of two balls (50.8 mm and 25.4 mm ball) are always
found to be optimum, the results are plotted with the ordinate
being the fraction of 50.8 mm balls. It can be seen that the data ap-
pear as a straight line on a log–log scale. This is therefore expressed
as follows:
F50:8 ¼ A′
R
R0
 Γ
ð27Þ
here, A′ and Γ are constants and R0 is the standard size reduction ratio.
The lines seem to be parallel to each other; therefore, the data were
ﬁtted with the same Γ value. However, the A′ values vary with the
feed size. These values are shown in Table 2.
4.4. Effect of the breakage parameters on the optimum composition of the
make-up balls
As discussed previously, for a given ball size, the breakage rate is a
function of the particle size, which can be represented by Eq. (2). The
parameter A denotes the characteristics of the material, but it varies
with the milling conditions, as indicated by Eqs. (9a) through (9e).
On the other hand, the value of the exponent α denotes a characteris-
tic of material which does not vary with milling conditions. The pa-
rameter μ is also a characteristic of the material but varies only with
the mill diameter and ball size. Therefore, α and μ are two parameters
that are characteristics of the material and that are least affected by
the milling conditions. Fig. 9 shows how the S values vary with
these parameters. With a lower value of α, the S values decrease by
a lesser extent as the particle size decreases, but fall rapidly as theparticle size increases. With an increase in the value of μ, the particle
size at which the S values are maximum moves towards the coarser
size range.
Fig. 10 shows the effect of these two parameters on the optimum
composition of the make-up balls when grinding a feed of 90% pass-
ing 9.5 mm at a size reduction ratio of 45:1 using a 1 m diameter
mill. With an α value of 0.93, the optimum mix was found to be 30%
of 50.8 mm balls and 70% of 25.4 mm balls. As the α value decreases,
the portion of the 50.8 mm balls increases gradually, reaching 43%
when α = 0.75. The effect of the μ values is more pronounced com-
pared to that of α values. When μ = 1.0 mm, the optimum mix was
found to be 98% of 50.8 mm balls and 2% of 25.4 mm balls. As the μ
value increases, the portion of 50.8 mm balls is rapidly reduced,
resulting in 100% of 25.4 mm balls when the μ value is larger than
2.6 mm.4.5. Effect of N1 on the optimum composition of the make-up balls
It is intuitively clear that balls with larger diameters will break
large particles more efﬁciently. In terms of the speciﬁc rates of break-
age, this concept can be quantiﬁed by Eq. (7), where the μ values are
proportional to the nth power of the ball diameter. Because there is a
direct proportionality between xm and μ i.e., xm ∝ μ, where xm is the
size at which the maximum values of S occur for a given set of condi-
tions [4], the position of the maximum of S moves to larger particle
sizes to a greater extent with a larger value of the exponent N1 for a
given ball diameter. Various values of N1 were reported in the litera-
ture, ranging from 1.0 to 2.0 [4,8–11]. Therefore, how signiﬁcantly the
value of N1 would affect the optimum composition of the make-up
ball sizes was investigated.
Fig. 11 shows the results of the grinding of a feed of various sizes
at a size reduction ratio of 45:1 using a 1 m diameter mill. It can be
Fig. 6. Ternary diagram of circuit capacity for various feed sizes: (a) 18.9 mm, (b) 13.4 mm, (c) 9.5 mm, and (d) 4.7 mm.
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ly as the value of N1 increases for coarser feeds: 13.8 mm and 9.5 mm.
Conversely, it increases with an increase in N1 for ﬁner feed 6.7 mm
in size. As shown in Eq. (9c), depending on the value of N1, the S
values scale-up differently, resulting in a different overall S values
as the mean S values for a mixture of balls are the linear weighted
sum of the S values of each ball. The S values are a function of the par-
ticle size; therefore, there exists an optimum combination of two balls
that gives efﬁcient breakage for a given set of particle size. As the N1
value increases, the particle size range that can be broken efﬁciently
increases towards the coarser size range such that balls that are not
as large are required for a larger feed size. This trend is reversed as
the feed size decreases. It seems that higher N1 values yield a mean
set of S values better suited for the efﬁcient breakage of the particles
of a size range with smaller maximum feed sizes. However, overall,
the optimum composition is not highly sensitive to the value of N1.
4.6. Effect of the mill diameter
Under the same mill operating condition, balls are raised to a
higher height and produce a larger impact as the mill diameter in-
creases. Consequently, it is to be expected that small balls break
larger particles on the right size of the maximum in S more efﬁ-
ciently when using mills with larger diameters. Fig. 8 compares
the optimum composition between 1 m and 2 m diameters for
the three feed sizes at different size reduction ratios. As expected,
the fractions of 50.8 mm balls are lower for the 2 m diametermills in all cases. This conﬁrms that it is desirable to reduce the
size and amount of the larger balls for mills with larger diameters.
Also, the data for the mill with a 2 m diameter shows a linear rela-
tionship on a log–log scale; this is expressed by Eq. (27). The values
of Γ and A′ are shown in Table 2.
4.7. Overall relationship between the optimum composition and various
parameters
It has been shown that the optimum composition ofmake-up balls is
indeed affected by various parameters. The most sensitive parameters
were the feed size, the product ﬁneness and the milling diameter. The
optimum composition of the make-up balls was found to be mixtures
of two balls (50.8 mm and 25.4 mm) in all cases. Therefore, deﬁning
the fraction of either the 50.8 mm or 25.4 mm balls is sufﬁcient.
Eq. (22) can be used as the basic equation for this relationship, which re-
lates the fraction of the 50.8 mmballs with feed size and the size reduc-
tion ratio. Fig. 12 shows the variation of the parameter A′ with the feed
size and the mill diameter at ﬁxed values of α = 0.93, μ = 1.83 and
N1 = 1.2. The effect of theα, μ andN1 values canbe further incorporated
into the equation. A regression analysis yields the following equation:
F50:8 ¼ A′
R
R0
 Γ
CαCμ þ K N1−1:2ð Þ ð28Þ
A′ ¼ 0:068 f 90ð Þ−0:311
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D
1 m
r
ð28aÞ
Fig. 7. Ternary diagram of circuit capacity for various size reduction ratios: (a) 16:1, (b) 32:1, (c) 64:1, and (d) 128:1.
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here, f90 is the 90% passing size of the feed inmm, andD is themill diam-
eter. Fig. 13 shows a comparison of the experimental values with the
calculated values. It can be seen that the calculated values agree well
with the experimental values with a reasonable level of accuracy.
5. Conclusions
Various factors potentially affecting the optimum choice of
make-up balls in a mill were investigated using a grinding circuit
simulation combined with the ball wear law. The results conformTable 2
Values of the parameter A′ and Γ after curve ﬁtting.
90% feed size, mm 1 m diameter mill 2 m diameter mill
A′ Γ R0 A′ Γ R0
6.7 0.1514 −0.76 45 – – 45
9.5 0.3232 −0.76 45 0.2245 −0.92 45
13.4 0.6053 −0.76 45 0.4887 −1.07 45
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Fig. 9. Variation of S values with the parameter α and μ of the breakage rate function.
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mill diameter:
(1) The larger the feed size, the greater the portion of large balls
that is required.
(2) The ﬁner the product size, the greater the proportion of small
balls that is required.Value of    with    value fixed at 1.83 
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Fig. 10. Variation of the optimum composition with α and μ when grinding a feed of
90% passing 9.5 mm at a size reduction ratio of 45:1 using a mill of 1 m diameter.(3) The larger the mill diameter, the greater the portion of small
balls that is required for the optimum mixing ratio.
(4) The mill capacity of the best mix can be about 1.5 times higher
than that of the worst mix.
Interestingly, however, the optimum mix is a mix of two balls
(50.8 mm and 25.4 mm) rather than a mix of three balls (50.8 mm,
35.9 mm and 25.4 mm) in all cases. Therefore, it is sufﬁcient to deﬁne
the mass fraction of the 50.9 mm balls for the optimum composition
of the make-up balls. Among the breakage parameters, μ values have
the most signiﬁcant effect on the optimum composition, with a trend
showing the requirement of a lower portion of larger balls with an in-
creasing μ value. A regression analysis of all parameters yields an
equation that can be used to calculate the optimum composition of
the make-up balls as a function of the feed size, product size, mill di-
ameter and breakage parameters with a reasonable degree of accura-
cy. This equation is more comprehensive compared to other empirical
equations given by Bond [1] and Rolland and Kjos [2], which only give
the largest sizes of the make-up balls. However, this equation re-
quires the information of the breakage parameters, which can be
obtained only by rather time-consuming one-size fraction grinding
tests [5]. The basic breakage parameters used in this investigation
are similar to the parameters for the wet grinding of quartz except
the α value. Inserting a typical α value of 0.8 for quartz into Eq. (23)
gives the optimum composition of 40% 50.8 mm ball and 60%
25.4 mm balls for a 1 m diameter mill, and 27% 50.8 mm and 73%Feed Size, mm
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Fig. 12. Variation of A′ values with feed size and mill diameter.
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Fig. 13. Comparison of the mass fraction of the 50.8 mm balls between the measured
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634 H. Cho et al. / Powder Technology 246 (2013) 625–63425.4 mm for a 2 m diameter mill when grinding from a 90% passing
9.5 mm feed to an 80% passing 150 μm product. The portion of
50.8 mm balls decreases as the feed size or the product size de-
creases. However, this can be a good starting point for determining
the optimum composition of the make-up balls when the breakage
parameters are unknown but the breakage characteristics of a mate-
rial are compatible with those of quartz.
Nomenclature
A speciﬁc rate of breakage rate for the standard size [min−1]
A′ parameter in Eq. (22) [–]
a classiﬁer by-pass [–]
Bij cumulative breakage distribution matrix [–]
ci corrected classiﬁcation value [–]
C circulation ratio [–]
C1 parameter in Eq. (9), deﬁned by Eq. (9a) [–]
C2 parameter in Eq. (9), deﬁned by Eq. (9b) [–]
C3 parameter in Eq. (9), deﬁned by Eq. (9c) [–]
C4 parameter in Eq. (9), deﬁned by Eq. (9d) [–]
C5 parameter in Eq. (9), deﬁned by Eq. (9e) [–]
Cα parameter in Eq. (28), deﬁned by Eq. (28c) [–]
Cμ parameter in Eq. (28), deﬁned by Eq. (28d) [–]
d ball diameter [mm]
d50 parameter in Eq. (20), classiﬁer cut size [L]
di diameter of the balls in the class i [mm]
dij transfer function [–]
dmin smallest ball size in the mill [mm]
dmax largest ball size in the mill [mm]
fj weight fraction in size interval i in the feed to the mill [–]
f90 90% passing size of the feed [L]
F50.8 optimumweight fraction of 50.8 mmballs in themake-up [–]
gi weight fraction in size interval i in the feed to the circuit [–]
J volume fraction of mill ﬁlled ball bed [–]
JT J for the laboratory test mill [–]
K parameter in Eq. (23), deﬁned by Eq. (25) [–]
mk weight fraction of balls in size interval k in the ball charge [–]
mk
0 mass fraction of balls of diameter dk in the make-up [–]
mk⁎ mass fraction of balls present in the mill that derived from
the make-up balls of size k
MK total mass rate of addition of the balls the make-up balls of
diameter dk
MT total mass rate of addition of the make-up balls of all sizes
[MT−1]
nk number rate of addition of the make-up balls of diameter dk
[T−1]N0 exponent in Eq. (9a), exponent of mill diameter on large
particle size correction [–]
N1 exponent in Eq. (7), exponent of ball diameter on large
particle size correction [–]
N2 exponent in Eq. (8), exponent of ball diameter on speciﬁc
breakage rates [–]
N3 exponent in Eq. (9c), exponent of mill diameter on speciﬁc
breakage rates [–]
pi weight fraction in size interval i in the product from themill [–]
pi⁎ meta value = (1 + C)pi [–]
si classiﬁcation value [–]
Sik speciﬁc rate of breakage of size i particle by size k ball [min−1]
Si mean speciﬁc breakage rate of size i particle in the presence
of different ball size [min−1]
Si kð Þ overall rate of breakage of themake-upball size class k [min−1]
R0 standard size reduction ration, 45:1
R size reduction ratio [–]
U fractional interstitial ﬁlling of voids of ball bed by particles [–]
UT U for the laboratory test mill [–]
xo standard size, 1 mm
α exponent in Eq. (2) [–]
β parameter in Eq. (3) [–]
γ parameter in Eq. (3) [–]
Γ exponent in Eq. (22) [–]
κ wear rate constant [LT−1]
λ parameter in Eq. (20), classiﬁer sharpness of separation [–]
Λ parameter in Eq. (2) [–]
ρb ball density [ML−3]
μ parameter in Eq. (2) [L]
ϕc rotational speed of mill as a fraction of critical speed [–]
ϕcT ϕc for the laboratory test mill [–]
∅ parameter in Eq. (3) [–]
ψ(t) residence time distribution function [–]
τ mean residence time [T].Acknowledgment
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